1.
Introduction. This paper originated mainly from results presented in a paper by J. Ohm (13) , and, to a lesser degree, from results of Gilmer in ( for all x, y of the integrally closed domain D, then D is a Priifer domain. Ohm, in (13) , was concerned with the following question: Suppose (x, y) n = (x n , y n ) for each x, y £ D, an integral domain with identity, and for each positive integer n; must D be integrally closed? Example 3.6 of (13) shows that the answer to this question is negative.
We present in this paper results in the area just discussed, some of which are generalizations of theorems in (13) and (2) . All rings considered in this paper are assumed to be commutative and to contain an identity.
Some terminology. Suppose R is a ring. If 5 is a subset of R, (S)
denotes the ideal of R generated by S. If n is a positive integer, we say R has property (n) provided (x, y) n = (x n , y n ) for each x, y G R) this is the terminology of Ohm in (13) . We say R has property (n)* if for x, y £ R, x n-\y anc [ X yn-i are m ( x n^ yny j t j s c j ear that property (n) implies property (n)*. We say R has property (n)' if, from x n £ A n , it follows that x £ A for any element x G R and any ideal A of R. Property (n) r arises naturally in has a solution {ai, 61, ... , a w _i, 5 w _i} in R for any £ G S. Again, this is Ohm's terminology. We say that R has property (n)* with respect to S provided, for each element £ of S, there exist ai, bi, a n _i, 5 w _i G i^ such that £ = aif" + 61, f-1 = On-1? + ^-1.
If i? has property (n) with respect to S, then R has property (n)* with respect to S. The converse holds when n = 2 or 3. Ohm showed in (13) that if R is a domain having quotient field S, then R has property (n) if and only if R has property (n) with respect to S. In exactly the same way we obtain the following lemma.
LEMMA 2.1. If R is a domain having quotient field S, then R has property (n)* if and only if R has property (n)* with respect to S. 
. , x m n ).
If A is an ideal of the ring R, we say A is a cancellation ideal if from ^45 = ^4C, it follows that B = C; here B and C denote ideals of R. HA is invertible, A is a cancellation ideal. Products of cancellation ideals are again cancellation ideals; in particular, if A is a cancellation ideal and n is a positive integer, then A n is a cancellation ideal. From Lemma 3.1 it follows that if R is a ring in which each finitely generated ideal is a cancellation ideal, then R has property (n) for all n. But a ring in which each finitely generated ideal is a cancellation ideal is an integral domain, and is, in fact, a Prufer domain. This result appeared as Corollary 1 of (4), but was originally due to H. S. Butts. Either property implies property (n) holds in R, and if R has property (k) for each positive integer k ^ n, then (a) holds in R.
Proof. We only prove that if R has property (k) for each positive integer k ^ n, then (a) holds in R. 4. Property (n)*. If 5 is a unitary overring of the ring R and if w is a positive integer, an element s of S is said to be n-integral over R provided 5 is a root of a monic polynomial of degree n having coefficients in R. R is n-integrally closed in S if each element of S y ^-integral over R, is in R. In case S is the total quotient ring of R, if R is w-integrally closed in S, we simply say that R is n-integrally closed. We present in this section a generalization (Corollary 4.4) to Corollary 3.10 of (2), using the notion of w-integrally closed.
Remark. If the element 5 is ^-integral over R, then s is w-integral over R for any m ^ n. Hence, if R is ^-integrally closed, then R is ^-integrally closed for any k S n. Remark. Corollary 4.4 generalizes Corollary 3.10 of (2). Our next result, Theorem 4.7, is a generalization of Proposition 3.9 of (2) and is also a generalization of our Theorem 4.3.
THEOREM 4.7. Let n be an integer > 1, and let R be a ring such that R is nintegrally closed. If a and b are elements of R such that a is regular and a
Proof. We suppose a 
The properties (n)
r , (n), (n)*, and integral closure. We show here that for any integer n > 1, a Priifer domain has property (n)', and that a ring with property (n) r has property (n). Since a domain with property (n)* Remark. HA is an ideal of a commutative ring R, each element x of A n belongs to A x n for some finitely generated ideal A x contained in A. Hence, in order that R have property (n)', it is sufficient that x n G B n should imply x G B for any element x of R and any finitely generated ideal B of R. Propositions 1.6 and 1.7 of (13) provided Ohm with a method for constructing domains with property (n) for a given integer n > 1. We cite these results, and remark that these statements remain valid if property (n) is replaced throughout by property (n)*. PROPOSITION If V is a valuation ring of the form K + A, where K is a field and A is the maximal ideal of V, and if k is a subfield of K, then the domain D = k-\-A has property (n) if and only if k has property (n) with respect to K. We show that this method for constructing a domain with property (n) always yields a domain with property (n)'. We first investigate the class of finitely generated ideals of such a domain D. We use the following notation. F is a valuation ring of the form K + M, where K is a field and M is the maximal ideal of V, v is a valuation associated with the valuation ring V, k is a subfield of K, and D = k + M. Proof. It suffices to consider the case when S -{si, s 2 , ... , s m } is finite. We first note that {1 = h, t 2 , . . . , t m ] is linearly independent over k, where t t = St/si for each i between 1 and m. Thus, if YJi^i^ih = 0, where each a t G k, then 0 = 5i£i m fl^ = £1™ a^, so that a t = 0 for each i. We show that {/i w = 1, t 2 n , . . . , / m w } is linearly independent over k. Because k has property (n) with respect to K, it is clear that each t t belongs to the yfe-subspace k (ti 1 6. Property (n) for field extensions. Ohm's construction of domains having property (n), which we have outlined in § 5, gives rise to the following field-theoretic question: Suppose k is a subfield of the field K and n is a positive integer. Under what conditions does k have property (n) with respect to K? There are a few simple observations we can make in connection with this question. First, k has property (n) with respect to K if and only if k has property (n) with respect to k(t) for each / Ç K. Hence, we may restrict ourselves to the case when K = k(t) is a simple extension of k, and, clearly, K/k must be algebraic if k is to have property (n) with respect to K. By definition, k has property (n) with respect to K if and only if for £ G K -k, there exist polynomials A general investigation of the question as to when k has property (n) with respect to k(t) has allowed us to realize that this question is too large for consideration in conjunction with this paper and we shall examine this problem separately in a forthcoming paper. We do consider, however, two special cases of the question here. The first case, when n = 3 and [k(t):k] = 2, is mentioned here, since it is directly related to Corollary 3.4 of (13). In the second case, when n -5 and [k(t) : k] = 2, a good insight into the nature of the question is given. THEOREM 
If k(t) is an extension field of the field k such that [k(t):k] = 2, then k has property "(3)" with respect to k{i) if and only if each root of X 2 + X + 1 in k(t) belongs to k.
Proof. Suppose X 2 + X + 1 has a root 6 in k(t) such that 6 G k. Then X 2 + X + 1 is the minimal polynomial of 6 over k. If 6 = vd s + u for some u, v G k, then 6 (? k implies v 9* 0. Hence, 6 is a root of X s -aX + b, where a = v~l and b = uv~l are in k. Therefore, X 8 -aX + b is divisible by X 2 + X + 1 so that in &[X] having 0 as a root. If X 2 + aX + 6 is the minimal polynomial for 0 over fe, we must therefore be able to find elements y 0 , y lt y 2j y% in k such that, in
any three of {ui, u 2j ih, u±} may be zero, while the fourth is one. This is equivalent to the assertion that the system ay z + y 2 = u± by* + ay 2 . It then follows that P(0i) = P(0i + 0 4 ) = P(0i0 3 ). Therefore, the factorization oif(X) in P[X] for any field P containing P is either into linear factors, orf(X) is irreducible, or
We return to our proof of Theorem 6. Remark. In considering conditions under which k has property (n) with respect to kit) for values of n greater than 5, more sophisticated techniques are required than those employed in the proof of Theorem 6.2, even when [kit) : k] -2. However, it is fairly easy to establish the following: When [kit) : k] = 2, then for any integer n ^ 3, there is a monic polynomial fniX) Ç P [X] , where P is the prime field of k } of degree n -1, such that if each root oif n iX) in kit) belongs to k, then k has property (n) with respect to kit). Combining this fact with Ohm's Theorem 2.1 in (13), we have the following: If the field k has characteristic 2 and contains an algebraic closure of its prime field, then k has property (n) with respect kit) for each positive integer n, where kit) is any separable quadratic extension of k.
The 7. Another construction of domains having property (n). We give a method of constructing domains having property (n) which are not integrally closed; the method is quite different from that used by Ohm in (13). To establish our conclusion concerning property (n), we first suppose that x --> x n is one-to-one. To show that D has property (n), it suffices to show that D has property (n) with respect to V\. Thus, we take £ G V\ -{0} and an integer i such that 1 ^ i ^ n -1. We show that there is an element is one-to-one. It follows that if x -> x n is one-to-one for each positive integer n, then 7r 2 is algebraically closed in K. To prove the converse, consider £1, £ 2 £ K such that £F = £ 2 r for some positive integer r.
If either of £1 or £ 2 is zero, so is the other. If £1 9^ 0 ^ £ 2 , then £i/£ 2 is a nonzero element of K algebraic over w 2 : (^i/^2) r = 1. Hence £i/£ 2 = 1, and £1 = £2.
Added in Proof.
In connection with the results in §6, James W. Brewer has recently obtained necessary and sufficient conditions in order that a field k should have property (n), for arbitrary n, with respect to any finite algebraic extension field k(t) of k, Brewer's results appear in a paper entitled Ohm's property (n) for field extensions which he has submitted for publication.
